ABSTRACT. We study 5-dimensional Riemannian manifolds that admit an almost contact metric structure. We classify these structures by their intrinsic torsion and review the literature in terms of this scheme. Moreover, we determine necessary and sufficient conditions for the existence of metric connections with vectorial, totally skew-symmetric or traceless cyclic torsion that are compatible with the almost contact metric structure. Finally, we examine explicit examples of almost contact metric 5-manifolds from this perspective.
INTRODUCTION
In the 1920s, Cartan classified metric connections on Riemannian manifolds M n , g by the algebraic type of the corresponding torsion tensor (see [7] ). A central result is that for n ≥ 3, the space T of possible torsion tensors splits into the direct sum of three irreducible O (n)-modules,
Consequently, there are three principal types of torsion: type T 1 (vectorial torsion), type T 2 (totally skew-symmetric torsion) and type T 3 (traceless cyclic torsion). In contrast to the first two cases, metric connections with traceless cyclic torsion remain unexplored to this day (consult [2] for an overview).
An almost contact metric manifold is an odd-dimensional Riemannian manifold M 2k+1 , g such that there exists a reduction of the structure group of orthonormal frames of the tangent bundle to U (k) (see [13] ). As shown in [21, 22] , an almost contact metric structure on M 2k+1 , g can be equivalently defined by a triple ξ, η, ϕ of tensor fields satisfying certain conditions (see section 3).
The purpose of this paper is to investigate almost contact metric 5-manifolds with regard to the existence of metric connections ∇ c with vectorial, totally skewsymmetric or traceless cyclic torsion that are compatible with the underlying almost contact metric structure, i.e.
∇
c ξ = 0, ∇ c η = 0, ∇ c ϕ = 0.
We proceed as follows: Firstly, we study the algebra related to the action of the group U(2) (see section 2). Amongst other things, we show that for an almost contact metric 5-manifold the space T of possible torsion tensors splits into 15 irreducible U(2)-modules (see corollary 2.1),
Secondly, we follow the method of [11] and classify almost contact metric 5-manifolds with respect to the algebraic type of the corresponding intrinsic torsion tensor Γ (see section 3). There are 10 irreducible U(2)-modules W 1 , . . . , W 10 in the decomposition of the space of possible intrinsic torsion tensors (see proposition 2.2):
Therefore, there exist 2 10 = 1024 classes according to this approach. Obviously, most of them have never been studied. We introduce those carrying names and review them, in the light of our classification scheme, in section 3.2. To mention just two examples, quasi-Sasaki manifolds (see [4] ) correspond to the case Γ ∈ W 3 ⊕ W 5 , and trans-Sasaki manifolds (see [19] ) correspond to the class W 1 ⊕ W 3 (see theorems 3.3 and 3.4). In section 3.1, we relate our classification scheme to the work of ChineaGonzalez [8] and Chinea-Marrero [9] . For example, any almost contact metric 5-manifold of Chinea-Marrero class N 2 is of class W 1 ⊕ W 3 ⊕ W 5 ⊕ W 6 ⊕ W 8 ⊕ W 9 and vice versa (see theorem 3.2).
Thirdly, we determine necessary and sufficient conditions for the existence of a compatible connection ∇ c with vectorial, totally skew-symmetric or traceless cyclic torsion (see section 4) . If the torsion tensor of ∇ c is traceless cyclic, then (see proposition 4.1) the almost contact metric 5-manifold is of class
Conversely, any almost contact metric 5-manifold of this class admits a unique metric connection ∇ c with traceless cyclic torsion that is compatible with the underlying structure (see theorem 4.3). Theorems 4.1 and 4.2 contain similar results for the cases of vectorial and totally skew-symmetric torsion, the respective types of the intrinsic torsion tensor are W 1 ⊕ W 2 and W 3 ⊕ W 4 ⊕ W 5 ⊕ W 6 .
Finally, we present explicit examples of almost contact metric 5-manifolds (see section 5). The corresponding intrinsic torsion tensors are of type
Using the results of section 4, we identify compatible connections ∇ c for each example. The torsion tensors of these connections realize the following types:
Almost contact metric 5-manifolds of class W 4 ⊕ W 7 exist, too. Indeed, Blair constructed an almost contact metric structure on S 5 which is nearly cosymplectic (see [5] 
allows us to define an inner product and a norm on
The special orthogonal group SO(5) acts on Λ k via the adjoint representation . The differential * : so(5) → so Λ k of this faithful representation can be expressed as * (ω) (α) = σ 1 (ω, α) by identifying the Lie algebra so(5) with the space of 2-forms Λ
.
We now define the vector ξ := e 5 , denote its dual 1-form by η and consider the endomorphism ϕ : R 5 → R 5 given by the matrix
The latter satisfies
The 4-dimensional, compact, connected Lie group U(2) ⊂ SO(5) can be described as the isotropy group of the 2-form Φ defined via
Alternatively, we have
Using this operator, we decompose Λ k into irreducible U(2)-modules of real type. The space Λ 1 = Λ and introduce the following subspaces of A :
Inspecting the latter, we deduce
Moreover,
b) The following U(2)-modules are isomorphic:
c) The U(2)-modules A 3,7 and A 1,2 ∼ = A 2,4 ∼ = A 3,4 ∼ = A 3,5 are not isomorphic.
We recommend the article [10] for a qualitative decomposition of A in the style of the book [20] . Comparing dimensions and multiplicities, we have the following isomorphisms between the spaces of [10] and the modules A i , j above:
The bijection τ : A → T is U(2)-equivariant. Defining the subspaces
of T , we consequently have
Finally, we consider the space W := Λ 
ALMOST CONTACT METRIC STRUCTURES
Let M 2k+1 , g be a (2k + 1)-dimensional Riemannian manifold. An almost contact metric structure on M 2k+1 , g consists of a vector field ξ of length one, its dual 1-form η and an endomorphism ϕ of the tangent bundle such that
Equivalently, these structures can be defined as a reduction of the structure group of orthonormal frames of the tangent bundle to U (k) (see [13, 21, 22] 
with values in the Lie algebra so(5). We define the intrinsic torsion Γ of the almost contact metric manifold as
Since the Riemannian covariant derivative of the fundamental form Φ is given by
almost contact metric manifolds can be classified according to the algebraic type of Γ with respect to the decomposition of Λ 1 ⊗ m into irreducible U(2)-modules (cf.
[11]). Applying proposition 2.2, we split Γ as
to the effect that 2 10 = 1024 classes arise. We say that the almost contact metric manifold is of class
where ϕ, ϕ is the Nijenhuis torsion of ϕ,
and the differential d α and the co-differential δα of a k-form α are given by
3.1. Classification schemes. We classified M 5 , g , ξ, η, ϕ with respect to the algebraic type of its intrinsic torsion tensor Γ. In this subsection, we relate this scheme to the Chinea-Gonzalez classification [8] and the Chinea-Marrero classification [9] of almost contact metric manifolds. Motivated by
, the authors of [8] decompose the subspace
Although C coincides with W , this decomposition differs from the one in proposition 2.2. We have the following isomorphisms between the spaces C 2 , C 4 , . . . , C 12 of [8] and W 1 , . . . , W 10 :
Then the following equivalences hold: Proof. The results are a direct consequence of
Viewed as a (3, 0)-tensor,
the Nijenhuis tensor satisfies
The subspace N of tensors of Λ 1 ⊗Λ 2 satisfying these two conditions splits into five irreducible U(2)-modules (see [9] ),
Moreover, the authors of [9] 
Before we describe these classes in terms of the intrinsic torsion, we prove Lemma 3.1. The following formulae hold on 5-dimensional almost contact metric manifolds
Proof. We compute
Moreover, we have
Combining these two equations, we obtain the desired result.
Then the following equivalences hold:
ϕ is of class if and only if it is of class
In particular, the Nijenhuis tensor of M 5 , g , ξ, η, ϕ vanishes if and only if the almost contact metric manifold is of class
Proof. Utilizing lemma 3.1, we compute
This equation, together with formula ( ), enables us to express the Nijenhuis tensor in terms of Γ.
3.2. Special types. As indicated above, there are many types of almost contact metric manifolds. We introduce those carrying names and review them in the light of our classification scheme.
An almost contact metric manifold M 5 , g , ξ, η, ϕ is said to be
• normal (see [21, 22] ) if its Nijenhuis tensor vanishes.
• almost co-Kähler (see [14] ) or almost cosymplectic (see [19] ) if
In overlap to our next notion, the authors of [14, 18] also use the term cosymplectic in this case.
• co-Kähler (see [14] ) or cosymplectic (see [4] ) if it is normal and almost cosymplectic, or equivalently if
• semi-cosymplectic (see [8] 
• quasi-cosymplectic (see [9] ) if
• almost α-Kenmotsu (see [14] ) if
• α-Kenmotsu (see [14] ) if it is normal and almost α-Kenmotsu, or equivalently if
• almost Kenmotsu (see [14, 15] ) if it is almost 1-Kenmotsu.
• Kenmotsu (see [14, 15] ) if it is 1-Kenmotsu.
• almost α-Sasaki (see [14] ) if
• α-Sasaki (see [14] ) if it is normal and almost α-Sasaki, or equivalently if
• almost Sasaki (see [14] ) or contact metric (see [6] ) if it is almost 1-Sasaki.
• Sasaki (see [6, 21, 22] ) if it is 1-Sasaki.
• quasi-Sasaki (see [4] ) if it is normal and
• nearly Sasaki (see [6] ) if
• trans-Sasaki (see [19] ) if
• K-contact (see [6] ) if it is contact metric and ξ is a Killing vector field with respect to g .
Then the following hold:
normal and semi-cosymplectic 
and formula ( ), leads to Γ ∈ W 3 ⊕ W 5 .
Using the same method, we are able to prove
quasi-and almost cosymplectic
Moreover, we investigate intersections between certain types using this technique. Finally, we visualize some of the previous statements in figure 1.
COMPATIBLE CONNECTIONS
Let ∇ be a metric connection on
Consequently, we have T ∈ T . We say that T is
• totally skew-symmetric if T ∈ T 2 , or equivalently if A ∈ A 2 .
• cyclic if T ∈ T 1 ⊕ T 3 , or equivalently if A ∈ A 1 ⊕ A 3 .
• traceless cyclic if T ∈ T 3 , or equivalently if A ∈ A 3 . with values in the Lie algebra so (5),
We project onto m:
Therefore, ∇ preserves the underlying almost contact metric structure, i.e. In this case, we also say that the connection is compatible with the almost contact metric structure. With a glance at lemma 2.1 and proposition 2.2, we immediately have 
Using our approach of section 3, we characterize each of these classes in terms of differential equations. 
We now solve ( ). 
Proof. A direct computation verifies that
Moreover, the restriction of the projection map pr W to A 1 is one-to-one. 
are satisfied. Moreover, the restriction of pr W to A 2 is one-to-one. Theorems 3.3 and 3.4 complete the proof.
Remark 4.1. The first part of theorem 4.2, together with proposition 4.1,b), yields the same result as theorem 8.2 of [12] . Indeed, the Nijenhuis tensor is totally skewsymmetric and ξ is a Killing vector field with respect to g if and only if the almost contact metric 5-manifold
holds in this case.
A lengthy but similar computation for the remaining case results in 
EXAMPLES
Throughout this section, the curvature tensor of a metric connection ∇, viewed as (4, 0)-tensor, is defined by 
d) The Riemannian curvature tensor R g is the identity map of Λ 2 .
As a consequence of proposition 5.1,a) and theorem 4. Moreover, the fundamental form Φ and the 1-form η satisfy 
endowed with the left-invariant Riemannian metric
The vector fields
are left-invariant and dual to 1
There exist two almost contact metric structures on H , g . As before, we discuss these structures separately.
5.2.1. Class W 3 . Let ξ, η, ϕ be the standard Sasakian structure on H , g (cf. [6] ), i.e.
Then, (e 1 , e 2 , e 3 , e 4 , e 5 ) with
is an adapted frame of H , g , ξ, η, ϕ . With respect to this frame, the non-zero connection forms of the Levi-Civita connection are e) The Riemannian Ricci tensor is
f) The Riemannian holonomy algebra is hol g = so(5).
With the aid of theorem 4.2, we deduce that there exists a unique metric connection ∇ c,1 with totally skew-symmetric torsion compatible with the underlying almost contact metric structure. Moreover, there exists a unique compatible connection ∇ c,2 with traceless cyclic torsion (see theorem 4.3). Explicitly, the corresponding torsion tensors are 
With respect to the given frame, the Riemannian curvature tensor is Using these, we define an orthogonal almost complex structure J on M 4 ,g as e) The Riemannian Ricci tensor is
f) The Riemannian holonomy algebra is 
The left-invariant vector fields ∇g ω = 0.
We now consider the almost contact metric 5-manifold M 4 × R, g , ξ, η, ϕ defined via ( ) and ( ). To begin with, we compute the connection forms of the LeviCivita connection with respect to the adapted frame (e 1 , . . . , e 4 , e 5 := ξ):
Consequently, the intrinsic torsion of 
e) The Riemannian holonomy algebra is hol g = su(2) ⊂ so(5).
As a result of proposition 5.10,a) and theorem 4.3, there exists a unique metric connection ∇ c with traceless cyclic torsion compatible with the almost contact metric structure. Its torsion tensor We discuss two almost contact metric structures on G, g in detail.
5.4. 
